LEMAIg2_04.nb

Losungen

Teil 1. Repetition von Begriffen

1 Kreis, Kugel

Beispiele von Plots (Formeln im Skript)
Renove[ "G obal " *"]
Kreisgleichung und Kugelgleichung: Siehe Skript.
{xMyM={4,3}; r=2
K[x_,y_J:= ({x, y}-{xMyM). ({x, y}-{xM yM)/r"2;

<< Graphics InplicitPlot’;
ImplicitPlot[k[x,y] == 1, {x, 2,6}];

5t

3 4 5 6

Hier die Kugel in Parameterdarstellung (Kugelkoordinaten):
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ParanetricPl ot3D[{Cos[¢] Sin[&,Sin[¢] Sin[&,Cos[&},{v, 0,2 n},{& 0, n}];

2 Thaleskreis

Beispiel des Plots (Formeln im Skript)

Renmove[ "d obal " *"]

Betrachte die Skizze. Die L6sung sollte sichtbar werden. Der Thaleskreis bei einem rechtwinkligen Dreieck kann as
Umkreis des Rechtecks gedeutet werden, das man erhalt, wenn man das Dreieck am Mittel punkt seiner Hypothenuse
spiegelt. Mit dem Umkreisist alles sehr einfach erklérbar!
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Show[G aphi cs[{Thi ckness[0. 01], Circle[{0, 0}, 17,
Line[{{-1.2, 0}, {1.2, 0}, {1, 0},
{Cos[Pi /5], Sin[Pi 751}, {-1, 0}, -{Cos[Pi /5], Sin[Pi /51},
{1, 03}, {Cos[Pi /5], Sin[Pi /5]}, -{Cos[Pi /5], Sin[Pi /5]}}]
}1, AspectRati o - Automatic];

3 Apolloniuskreis

Beispiele von Plots (Formeln im Skript)

Renove[ "d obal ™ *"]

p1={0, 0}; p2={15, O};
p3={x1, 0};
sol v1=Sol ve[ x1/ (15-x1) ==2, {x1}]//Fl atten

{x1 - 10}
p3={x1, 0}/.sol vl;, p3
{10, 0}

p4={x2, 0};
sol v2=Sol ve[ x2/ (x2- 15) ==2, {x2}]// Fl atten

{x2 - 30}
p4={x2,0}/.sol v2; p4
{30, 0}

{xM yM =(p3+p4)/2
{20, 0}

r=((p4-p3)/2)[[1]]
10
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kix_y_l:= ({x,y}-{xMyM). ({x,y}-{xMyM)/r"2;

<< Graphics’InplicitPlot";

pl 1=lmplicitPlot[k[x,y] == 1, {x, 0,30}, D splayFunction->ldentity];
sol v3=Sol ve[ k[ 18, y] ==1, {y}]//Fl atten

{y%_4\/_6-1 y%4\/€}

p5={18, y}/.sol v3[[2]]

{18, 4+/6}

Show pl 1, Graphi cs[{Poi nt Si ze[ 0. 03], Poi nt [ pl], Poi nt [ p2], Poi nt[ p3], Poi nt [ p4], Poi nt[ p5
], Line[{pl, p5, p3, p2, p5}1}], D spl ayFuncti on- >$Di spl ayFuncti on];

10}

-10+

Show pl 1, Graphi cs[{Poi nt Si ze[ 0. 03] , Poi nt [ p1], Poi nt [ p2], Poi nt [ p3], Poi nt [ p4], Poi nt [ p5
], Line[{pl, 1.5 p5, p5, p4, p2, p5}]1}]. D spl ayFuncti on->$Di spl ayFuncti on];

15¢

4 Kegelschnitte

a) Ellipse: Beispiele von Plots (Formeln im Skript)

Renove[ "d obal " *"]
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Ellipse
{xMyM={4,3}; a=1.5; b=0.7;

K[x_,y_]:= (x-xM"2/ar2+(y-yM "2/ b"2; K[x,Yy]

0. 444444 (-4 +X)2 +2.04082 (-3 +y)?

<< Graphics InplicitPlot’;
ImplicitPlot[k[x,y] == 1, {x, 2,6}];

Hyperbel: Beispiele von Plots (Formeln im Skript)
Renove[ " @ obal " *"]
Ellipse
{xMyM=(4,3}; a=1.5; b=0.7;

K[x_,y_]:= (x-xM"2/ar2-(y-yM "2/ b”r2; K[x,y]

0. 444444 (-4 +X)2 - 2.04082 (-3 +y)?

<< Graphics’InplicitPlot’;
ImplicitPlot[k[x,y] == 1, {x, -2,10}];

T
e

Parabel: Beispiele von Plots (Formeln im Skript)
Renove[ "d obal " *"]

Ellipse



LEMAIg2_04.nb

{xM yM ={ 4, 3}, a=1.5; b=0.7;

k[x_,y_]l:= (x-xM/a-(y-yM"2/b"2; K[x,VY]

0. 666667 (-4 +x) - 2.04082 (-3 +y)?2

<< Graphics’InplicitPlot";
ImplicitPlot[k[x,y] == 1, {x, -2,10}];

a1l

3.5;

2.5¢

7 8 T o— 10

{xM yM ={4, 3}; a=1.5; b=0.7;

K[x_,y_]:= (x-xM~"2/a"2-(y-yM/b; K[x,Y]

0. 444444 (-4 +x)? -1.42857 (-3 +Y)

<< Graphics’InplicitPlot’;
InmplicitPlot[k[x,y] == 1, {x, -2,10}];

5 Tangente und Tangentialebene

a) Tangente: Beispiele von Plots (Formeln im Skript)

Renove[ "d obal ™ *"]
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{xMyM={4,3}; r=2

kix_ y_l:= ({x,y}-{xMyM). ({x,y}-{xMyM)/r"2;
tT = {5.2,vy};

sol v4=Sol ve[ k[ 5. 2, y] ==1,{y}]//Fl atten

{y->1.4, y->4.6}

tT = {5.2,y}/.solv4[[2]]

(5.2, 4.6}

tang[x_,y_]:= ({X,¥y}-{xMyM). (tT-{xM yM)/r"2;
tang[ x, y]

% (1.2 (-4+x) +1.6 (-3+Yy))

<< Graphics’InplicitPlot’;
pll =1InplicitPlot[k[x,y] == 1, {x, 2,8}, D splayFunction->ldentity];

pl2 = InplicitPlot[tang[x,y] == 1, {x, 2,8}, D splayFunction->ldentity];

Show pl 1, pl 2, G aphi cs[{Poi nt Si ze[ 0. 03], Point[tT] }], Di spl ayFuncti on->$Di spl ayFuncti o
nl;

7

b) Tangentialebene: Beispiele von Plots (Formeln im Skript)

Renove[ "d obal ™ *"]

{xM yM zM ={ 4, 3, 2. 5}; r=2,

kKix_y_,z_]:= ({x,y,z}-{xMyMzM). ({x,y, z}-{xM yM zM ) / r"2;
tT = {5,3.8,2};

sol v4=Sol ve[ k[ 5, 3. 8, z] ==1,{z}]//Fl atten

{z - 0.963771, z -» 4. 03623}
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sol vb=Sol ve[ k[ x, Yy, z] ==1,z]//Fl atten

{z-2. (1.25-0.5+/-21. +8. x-1. x2+6. y - 1. y2 ),
252 (1.25+0.5+/-21. +8. x-1. x2+6. y-1. y2 )}

kugel [x_,y ]:=z/.s0lv5[[2]]; kugel][z]

kugel [z]

tT = {5,3.8,2}/.s0l v4[[2]]

(5, 3.8, 4.03623)

tang[x_,y_,z_]:= ({x,y,2}-{xMyM zM). (t T-{xM yM zM )/ r*2;
tang[ x,y, z]

% (-4+x+0.8 (-3+y) +1.53623 (-2.5+2))

sol v6=Sol ve[tang[ x, y, z] ==1, z]// Fl atten
{z - 2.60378 (2.96014-0.25x-0.2 (-3. +Yy))}
ebene[x_,y_]:=z/.sol v6

pl 1 = Pl ot 3D Eval uat e[ kugel [ x,y]1,{x, 2,6},{y, 1,5}, ViewPoint->{-3.611, 2.291,
0. 170}, Shadi ng-Fal se] ;

pl 2 = Pl ot 30 Eval uat e[ ebene[ x,y]],{x, 2,6},{y, 1,5}, ViewPoi nt->{-3.611, 2.291,
0. 170}, Shadi ng-Fal se];

5 4 3 2 1

w s~ oo N

6543

Show pl 1, pl 2, Graphi cs[{Poi ntSi ze[0.03],Point[tT]}]];
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pl 2 = Pl ot 30 Eval uat e[ ebene[ x,Vy]],{x, 2,6},{y, 1,5}, ViewPoint->{1.792, 3.990,
0. 084}, Shadi ng-Fal se];

6 5 4 3 2

Show pl 1, pl 2, G aphi cs[{Poi nt Si ze[0. 03] ,Point[tT]}]];

6und 7 Pol und Polare

Renmove[ "d obal " *"]

{xM yM ={4, 3}; r=2; PME{ XM yM ;
K[x_,y_l:= ({x,y}-{xMyM). ({x,y}-{xMyM)/r"2;
pol ={- 4, 2}

{_41 2}

polare[x_,y_]:= ({x,y}-{xMyM). (pol-{xMyM)/r"2;
pol are[ x, y]
1

T (3-8 (-4+x) -y)

pPol M=( pMtpol )/ 2; r MeNor n{ pPol M pol ];
KMx_,y_]:= ({x,y}-pPol M. ({x, y}-pPol M /rM2;

<< Graphics’InplicitPlot’;

pll =InplicitPlot[k[x,y] == 1, {x, 2,8}, D splayFunction->ldentity];
pl2 = InplicitPlot[polare[x,y] == 1, {x,

2,8}, Di spl ayFuncti on->ldentity, Pl ot Range->{0, 6}];

pl3 = InplicitPlot[kKMx,y] == 1, {x,

-5, 8}, Di spl ayFunction->ldentity, Pl ot Range->{-7, 12}];

Show| G aphi cs[{Poi nt Si ze[ 0. 03], Poi nt[ pol ], Line[{pol,pM]1}],pl1,pl2, D splayFuncti on-
>$Di spl ayFuncti on, Pl ot Range- >{ 0, 6}, Aspect Rat i o- >Aut ormati c];

Show Gr aphi cs[{Poi nt Si ze[ 0. 03], Poi nt[ pol ], Line[{pol,pM]1}],pl1, pl2 pl3, D splayFunct
i on- >$Di spl ayFuncti on, Pl ot Range- >{- 3, 9}, Aspect Rati o- >Aut omati c] ;
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Die Polare kann man verwenden zur Tangentenkonstruktion vom Pol aus!

8und 9 Potenz und Potenzgerade

Renove[ "d obal ™ *"]

a Potenz berechnen zu einem Kreis und einem Punkt PO

{xM yM ={4, 3}; r=2;

kix_y_l:= ({x,y}-{xMyM). ({x,y}-{xMyM)/r"2;
K[{x_, y_}1:= Kk[x, yI;

PO={-1, 2};

pot enz[ Pk_] : =k[ PK] ;

pot enz[ PO]

EE]
2

N[ %
6.5
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a Potenzgerade: Gerade gleicher Potenz zu zwei Kreisen

{xML, yML} ={ 2, 3}; rl=2;
Ki[x_ y_l:= ({x,y}-{xM, yM}). ({x, y}-{xML, yML}) - r 1"2;
K1[{x_ y_}1:= k1[x,y];

{xM, ym}={10, 2}; r2=3;
K2[x_, y_]:= ({x, y}-{xM2, yM}). ({x, y}-{xM2, yM}) - r2"2;
k2[{x_, y_}]1:= k2[x,y];

potenzgerade[ x_,y_]:=k1[x, y]-k2[x,y]//Sinplify;
pot enzger ade[ X, y]

16x -2 (43 +y)

<< Graphics’InplicitPlot’;

pll = InplicitPlot[k1[x,y] == 0, {x, -1,6}, DisplayFunction->ldentity];
pl2 = InplicitPlot[k2[x,y] == 0, {x,

5, 14}, Di spl ayFuncti on- >l dentity, Pl ot Range->{- 3, 6}];

pl 3 = InplicitPlot[potenzgerade[x,y] == 0, {x,

4,8}, Di spl ayFuncti on->l dentity, Pl ot Range->{-3, 6}];

Show{ pl 1, pl 2, pl 3, D spl ayFuncti on->$D0 spl ayFuncti on, Pl ot Range- >{ - 3, 6}, Aspect Rat i 0- >A
utomatic];

6

N

10, 11, 12 Sehnensatz, Tangentensatz, Sekantensatz

Renove[ "d obal ™ *"]

{xM yM ={4, 3}, r=2; PM={ XM yM ;

K[x_, y_]:= ({x,¥y}-{xMyM). ({x,y}-{xMyM)-r"2;
p0={-4, 2},

K[{x_, y_}]:=k[x,y];

polare[x_, y_1:= ({x,y}-{xMyM). (pO-{XM yM)-r"2;
pol are[ x, y]

-1-8(-4+x) -y
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sol v7=Sol ve[ { pol ar e[ x, y] ==0, 0==k[ x, y] }, {X, y}]

[{x - 2 (114 -/61), y - 1 (191+16+/61)},

65 65
{xﬁ6275 (114 +/61), y»% (191-16+/61)}}

pl={x,y}/.solv7[[1]]

2 — 1
{g5 (114-V61), - (191+16/61)}

N[ %4
{3.26738, 4.86098}

zentrale[t_]:= pO+ t (pMp0);
zentral e[ t]

{-4+8t, 2+t

{-4+8t, 2+t

pPol M=( pM+p0) / 2; r M=Nor | pPol M p0] ;
KMx_,y_ ]:= ({x,y}-pPol M. ({x,y}-pPol M-rM2;

<< Graphics’InplicitPlot’;

pll = InplicitPlot[k[x,y] == 0, {x, 2,8}, D splayFunction->ldentity];
pl2 = InplicitPlot[polare[x,y] == 0, {x,

2,8}, Di spl ayFuncti on->ldentity, Pl ot Range->{0, 6}];

pl 3 = ParanetricPlot[zentrale[t], {t,

-0.5, 2}, D spl ayFunction->l dentity, Pl ot Range->{-3,9}];

pl4 = InplicitPlot[kMx,y]==0, {X,

-5, 8}, Di spl ayFuncti on->ldentity, Pl ot Range->{-3, 9}];

Show{ Gr aphi cs[{Poi nt Si ze[ 0. 03], Poi nt[ p0]}], p!l 1, pl 2, Di spl ayFuncti on->$Di spl ayFuncti o
n, Pl ot Range- >{ 0, 6}, Aspect Rat i o- >Aut onmati c];

Show Gr aphi cs[{Poi nt Si ze[ 0. 03], Poi nt[ p0], Li ne[{pO0, p1}1}1.pl 1, pl 2, pl 3, pl 4, D spl ayFun
ction->$Di spl ayFuncti on, Pl ot Range- >{ - 3, 9}, Aspect Rat i o- >Aut onmati c] ;
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Anwendung: Lage der Tangente von p0 nach pl
Sqrt [k[p0] ]
V61

N[ %
7.81025

Anwendung: Lage der Tangente von p0O nach pl

Eine Gerade von p0 aus schneidet den Kreis k in x=5. y ist die grossere der beiden Losungen. Wo liegt der zweite
Schnittpunkt dieser Geraden mit dem Kreis?

sol v7=Sol ve[ k[ 5,y] ==0,{y}]//Fl atten

[y-3-V3, y-3+v3}

N[ %4

{y > 1.26795, y > 4.73205}

p2={5,y}/.sol v7[[2]]

{5, 3+/3}

glt_]:=p0+t(p2-p0);

pl/5 = ParanetricPlot[g[t], {t,

-0.5, 2}, D spl ayFunction->ldentity, Pl ot Range->{-3,9}];
((p2-p0). (gl t]-p0O)//Sinplify)== k[pO]

(85+2+/3)t =61
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Show Gr aphi cs[{Poi nt Si ze[ 0. 03], Poi nt [ p0], Poi nt [ p1], Poi nt[ p2], Li ne[ {p0, p1}]}], pl 1, pl
2, pl 3, pl 4, pl 5, Di spl ayFuncti on->$Di spl ayFuncti on, Pl ot Range->{- 3, 9}, Aspect Rati o- >Aut o

matic];

sol ve8=Sol ve[ (p2- p0) . (pO+t (p2- p0) - p0) == k[ pO],{t}]//Flatten

61
t - =
{%%+LE}
N %4
{t > 0.689545}
k[ pO]
61

p3=p0+t (p2- p0)/. sol ved

(4, 540 5 01(1-V3),
85+2+/3 85 +2+/3

N[ A4
(2.20591, 3.88387)

Sqrt[(p0-pl). (p0-pl)]//N
7.81025
{p0O, p1, p2, p3}//N

({-4., 2.}, {3.26738, 4.86098),

{5., 4.73205},

{2.20591, 3.88387})

Show G aphi cs[{Poi nt Si ze[ 0. 03], Poi nt [ p0], Poi nt [ p1], Poi nt[ p2], Poi nt[ p3], Li ne[ {pO, p1}
1}1.pl 1, pl 2, pl 3, pl 4, pl 5, Di spl ayFuncti on->$Di spl ayFuncti on, Pl ot Range->{-3, 9}, Aspect R

ati o- >Aut omatic];
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13, 14 Kegel und Zylinder

a Beispiel Kegel: Schnittgebilde mit der Grundebene?
Rermove[ "G obal **"]
Sei gegeben Richtungsvektor a, Scheitel sS={3,2,4}; PO
a = {4,-6,14}; sS={3,2,1}; PO = sS+a+{4,8,0}; PO
(11, 4, 15}
kegel [x_,y_,z_ ]:= (a.(sSP0))"2 (({x,y,2}-sS).({x,y,2}-s9)) - (a ({x,y,z}-s9))"2

((sS-P0O). (sS-P0O));
kegel [x,y,0] // Sinplify

96 (6265 + 442 x%> - 2406y +387y%2 +4x (-652+33y))

<< Graphics’InplicitPlot’;
ImplicitPlot[Eval uate[ kegel [x,y,0] == 0], {x,-10,10}];

1.75 25 2.5 2.75 3 3.25

Schnitt verschoben
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<< Graphics’InplicitPlot’;
I mplicitPlot[Eval uate[ kegel [x,y,1.1] == 0], {x,-10,10}];

2.97 3.025 3.05 3.075 3.1 3.125

1.975¢
1.95¢

1.925+

1.85¢

<< Graphics’ InplicitPlot’;
ImplicitPlot[Eval uate[ kegel [x,y,2] == 0], {x,-10,10}];

a Beispiel Zylinder: Schnittgebilde mit der Grundebene?
Renove[ "d obal ™ *"]
Sel gegeben Richtungsvektor a, Scheitel sS={3,2,4}; PO

a=1{4,-6,14}; sS={3,2,1}; PO = sS+at+{4,8,0}; PO

(11, 4, 15}
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zylinder[x_,y_,z_]:= Cross[(sS-P0), a].Cross[(sS-P0),a] -
Cross[({x,y,z}-sS),a].Cross[ ({x,Y, z}-s9), a];
zylinder[x,y,0] // Sinmplify

-4 (-3885+58x%x2-290y +53y%2+4x (-86+3y))

<< Graphics’InplicitPlot’;
ImplicitPlot[Evaluate[zylinder[x,y,0] == 0], {x,-10,12}];

Schnitt verschoben

<< Graphics’InplicitPlot’;
ImplicitPlot[Evaluate[zylinder[x,y,2] == 0], {x,-8,14}];
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Teil 2: Matrizen und Eigenwertprobleme

1 Matrizenrechnung

Renmove[ "d obal " *"]

A={{1,2,3},{3,56},{4,56}}; A/MtrixForm

1 2 3
3 5 6
4 5 6

Al=Inverse[A]; Al //MatrixForm

0 -1 1
-2 2 -1

el={1,0,0}; e2={0,1,0}; e3={0,0,1};
A el

{1, 3, 4}

A e2

{2, 5, 5}

A e3

{3, 6, 6}

Spalten von A
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Al. e2
(-1, 2, -1}
Al. e3

1
{1, -1, 3}

Spalten der Inversen von A

2 Eigenwerte, Eigenvektoren

Renmove[ "d obal " *"]

a
A= {{1, 2}, {2, 3}}; A// NMatrixForm
1 2
(2 3)
Det [ Al
-1
bl

Al=Inverse[ A]; Al//MatrixForm

(> %)

EM=l dentityMatrix[2]; EM/ MatrixForm

o 1)

Det [ A- A EM

“1-4a+ 2

AxVec= xVec= EM xVec bedeutet (A- EM ) xVec = 0Vec und dass hier nicht nur die Null-Ldsung existiert. Das

heisst Det[A- EM]=0. Diese Gleichung ist |6sbar (charakteristische Gleichung)!

sol vi=Sol ve[ Det[ A-A EM ==0, {A}]//Fl atten

{/\»2—\/?, /\»2+\/§}

N[ %4
{1 - -0.236068, A - 4.23607)
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b2

b3

b4

b5

Al = A .solvl[[1]]
2-+/5
A2 = A .solvl[[2]]

2+4/5

sol v2=Sol ve[ A. {x, y}==21{x, y}, {x,y}]// Flatten
(o g (1B y)
x1Vec = ({x,y}/.solv2)/.y->1

(5 (-1-V5), 1)

Sinplify[ A x1Vec] == Sinplify[al x1Vec]

True

N[ A1]
~0. 236068

sol v2a=Sol ve[ A. {x, y}== -0.236068 {x,vy},{x,y}]//Flatten

{x->0., y-0.}

sol v3=Sol ve[ A. {x, y}==22{x, y}, {x,y}]// Flatten
(og (135 y)
x2Vec = ({x,y}/.solv3)/.y->1

(3 (-1+V5), 1)

Simplify[ A x2Vec] == Sinplify[a2 x2Vec]

True

N[ 22]

4. 23607
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Sol ve[ A {x, y}==4.23607 {x,y},{x,y}]//Flatten

{x->0., y->0.}



