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Losungen

Rermove["d obal ™ %" ]

flt_1:=t"2/;, (-Pi /2 s t &'t < Pi /2);
frt_1:=f[Pi /2] /; (Pi /2 < t &'t < 3Pi /2);
frt_1:=f[rt+2Pi] /; (-5Pi /2 s t &t < -Pi /2);
flt_1:=f[t-2Pi] /; BPi/2<t &t s 7P /2);
fA[t_]1:=t"2;

f2rt_1:=f1[Pi /2];

Plot [f[t], {t, -Pi /2, 3Pi /2}1;
2.5¢

1 2 3 4

Plot [f[t], {t, -5Pi /2, 7Pi /2}1;
2.5¢
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a Koeffizienten

T=2Pi;
cc =-Pi /2;
w=2Pi /T,

a[0]:=2/TNintegrate[f[t], {t, cc, cc+T}];

alk_1:=2/TNintegrate[f[t] Cos[kwt], {t, cc, cCc+T}];

b[k_1:=2/TNintegrate[f[t]Sin[kwt], {t, cc, cc+T}];

(*» c[k_1:=1/T Integrate[f[t] EN(-l k w t), {t,cc,cc+T}]; =*)

fft_1:=a[0]/2+Sumla[n] Cos[nwt] +b[n]Sin[hnwt], {n, 1, Infinity}];

ffit_, h_1:=a[0]/2+Sum[a[n] Cos[nwt] +b[n]Sin[hwt], {n, 1, h}] // Chop;

(» ffK[t_1:=Sum[c[n] BEA(l n w t), {n,-Infinity,Infinity}]; =)

(» fTfk[t _,h_7:=Sum[c[n] E*(l n w t), {n,-h,h}1; =)

glt_1:=((f[u, 41 /. u->t) //Sinplify; g[t]

1.64493 -1.27324Cos[t] -0.5Cos[2t] +0.047157Cos[3t] +0.125Cos[4t ]

al[0]: =

2/T (Integrate[fl[t], {t, cc, cc+T/2}] +Integrate[f2[t], {t, cc+T/2, cc+T}]);

alfk_1:=2/T (Integrate[fl[t] Cos[kwt], {t, cc, cC+T/2}] +

Integrate[f2[t] Cos[kwt], {t, cc+T/2, cc+T}]);

bl[fk 1:=2/T (Integrate[fl[t]Sin[kwt], {t, cc, cc+T/2}] +
Integrate[f2[t] Sin[kwt], {t, cc+T/2, cc+T}]);

fflfu_, h_1:=al1[0]/2+Sum[al[n] Cos[nw u] +bl[n] Sin[nw u], {n, 1, h}] 7/ Chop;
gl[t _1:=(ffl[u, 41 /. u->t);
gl[t] //Simplify

7@ 4Cos[t] 1 4Cos[3t] 1

& gy Cos[2t] s —nmms v o Cos[4t]

gl[t_1:=(fflfu, 41 /. u-t) // N

gl[t]

1.64493 -1.27324Cos[t] -0.5Co0s[2. t] +0.047157Cos[3. t] +0.125Cos [4. t ]
al[0]

2

3
(» a0/2, a0 %) {1.6449340668482262", 21.6449340668482262" }

{1. 64493, 3.28987}

(+ ak %) {-1.2732395447351628, -0.5", +0.047157020175376325", 0.125}

{-1.27324, -0.5, 0.047157, 0.125}

(* bk %) {0, 0, 0, 0}

{0, 0, 0, 0}
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Abs[g[Pi /2] -f[Pi /211

0. 197467

Abs [gL[Pi /2] -f [Pi /2]]

0. 197467

Abs[g[3Pi /2] -f[3Pi /2]]

0. 197467

Abs[gLl[3Pi /2] -f[3Pi /2]]

0. 197467

c. Gute Naherung schon mit wenigen Koeffizienten

Pl ot [Eval uate[{f [t], g[t1}], {t, -Pi /2, 3Pi /2}1;

1 2 3 4

Pl ot [Eval uate[{f [t], g1[t]1}], {t, -Pi /72, 3Pi /2}1;
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f[Pi /2]

sl
p)

N[%

2.4674

al[0]

72

3

{Cos[Pi /2], Cos[2Pi /2], Cos[3Pi /2], Cos[4Pi /2]}

{0, -1, 0, 1}
72 72 (—7;—2+%(—8+7T2)) x0 1 (%2+51—4(8—97(2))*0 1
InT__?Jr = _7*(_1>+ p +§*1+....
| &sst sichrauf ei ne Seiteder d eichungbringenundsoisolieren, alsoberechnen

fflfu, Infinity]

ha 1
6 ' 2n
mPolyLog[2, -ie'Y] +rPolyLog[2, ie'!Y] -21iPolyLog[3, -iei"]+
21iPolylLog[3, 1e'Y] -21iPolylLog(3, -ie!Y]+21iPolylLog[3, iel!])

(nPolyLog[2, -ieiY] +nPolyLog[2, 1e Y] +

Rermove["d obal ™ %" ]

gl[t_1:=-t;

a Koeffizienten

T=2;
cc =-1;
w=2P /T,

a[0]:=2/TlIntegrate[gl[t], {t, cc, cc+T}]I;

alk_1:=2/TlIntegrate[gl[t] Cos[kwt], {t, cc, cCc+T}];
b[k_1:=2/TlIntegrate[gl[t] Sin[kwt], {t, cc, cc+T}];

(*» c[k_1:=1/T Integrate[gl[t] E* (-l k w t), {t,cc,cc+T}]; =*)
gg[t_1:=a[0]1/2+Sum[a[n] Cos[nhwt] +b[n]Sin[nwt], {n, 1, Infinity}];
gg[t_, h_1:=a[0]/2+Sum[a[n] Cos[nwt] +b[n] Sin[nwt], {n, 1, h}] // Chop;
(» ffK[t_1:=Sum[c[n] EA(l n w t), {n,-Infinity,Infinity}]; =)

(» fTfk[t _,h_71:=Sum[c[n] E*(I n w t), {n,-h,h}1; =)

h4[t _1:=(ggf[u, 41 /. u->t) //Sinplify; ExpandAl Il [h4[t]]

2Sin[xt] Sin[2xt] 2Sin3xt] Sin[4nt]
- + - +
7T 7T 3 275
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h20[t _]1:=(gg[u, 20] /. u>t) // Sinplify;
w = 2 Pi /T

s

haN[t _1:=h4[t] //N// Sinplify; h4aN[t]

-0.63662Sin[3.14159t] +0.31831Sin[6.28319t] -
0.212207 Sin[9.42478t] +0.159155Si n[12. 5664t ]

{-0.6366197723675814", +0.3183098861837907",
-0.2122065907891938" , +0.15915494309189535" }

{-0.63662, 0.31831, -0.212207, 0.159155}

Pl ot [Eval uate[{gl[t], h4N[t1}], {t, -1, 1}1;
1,

0.5¢

3h4[t]+2// ExpandAl |

6Sinxt] 3Sin[2xt] 2Sin3xt] 3Sin[4drnt]
2 - + - +
7T 7T 7T 275

g2[t_1:=391[t] +2;
h2[t_1:=3h4N[t]+2 //Sinplify; {g2[t], h2[t]}

(2-3t, 2. -1.90986 Si n[3.14159t ] +
0.95493 Si n[6.28319t] - 0. 63662 Si n[9. 42478t ] + 0. 477465 Si n[12. 56641 ]}

{2.7, -1.909859317102744", +0.954929658551372",
-0.6366197723675814°, +0.477464829275686" }

{2., -1.90986, 0.95493, -0.63662, 0.477465}
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Pl ot [Eval uate[{g2[t], h2[t]1}], {t, -1, 1}7;
51

-1 -0.5 0.5 M
S1l

c Integration der Fourierreihe!

Expand[h4[u]]

_2Sin[ru] . Sinf2ru] 2Sin[3nru] . Sin[4ru]
7T 7T 3 27

I nt egrat e[Eval uat e[Expand[h4[u]]], {u, 0, t}] // Tri gReduce // Expand

115 20Cos[rt] Qos[2rt] 2Cos[3rt] Cos[4rt]
72 2 2 2 2 9 2 8 2

g3[t_]:=Integrate[gl[u], {u, O, t}]1; g3[t]

t2

g31[t_]:=Integrate[h4N[u], {u, O, t}]; 931[t]

-0. 161832 + 0. 202642 Cos [3. 14159t ] - 0. 0506606 Cos [6. 283191t ] +
0. 0225158 Cos [9. 424781t ] - 0. 0126651 Cos [12. 5664 t ]

{-0.16183244609540065", +0.20264236728467558" ,
-0. 050660591821168895" , +0.022515818587186175  , -0.012665147955292224" }

{-0.161832, 0.202642, -0. 0506606, 0.0225158, -0.0126651}

Pl ot [Eval uate[{g3[t], g31[t]1}], {t, -1, 1}1;

0.5 1
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d Differentiation fuhrt zu keiner Konstante: Oszillation, Gibbs!

gl' [t]
-1

haN' [t ]

~2. Cos[3.14159t ] +2. Cos[6.28319t] - 2. Cos[9. 424781t ] + 2. Cos[12. 56641 ]

Pl ot [Eval uate[{gl' [t], h4N'" [t1}], {t, -1, 1}7;

T ?ﬁ I

VREAAY

Pl ot [Evaluate[{gl' [t], h20' [t]1}], {t, -1, 1}7;

IRAVARECACAWIWANA /\/\/\/A\dé\SIA\/ﬂ\(H 1
\N\/VV\/V_U\/\/VV\]\/UU

'
-

Renove["d obal " %" 1;

a

Wir verwenden zuerst die Skalierung nach der Periode 2 Pi. Das vereinfacht die Rechung etwas.
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n=6; w=2 Pi/n;
{x[0],y[0]}={0 w 2};
{x{1],y[11}={1 w 2};
{x[2],y[2]}={2 w 3};
{x[3],y[31}={3 w 2};
{x[4],y[4]}={4 w 3. 5};
{x[5],y[5]}={5 w 7};
{x[6],y[6]}={6 w 2};

{x(-1],y[-11}={-1 w 7};
{x[-2],y[-2]1}={-2 w, 3.5};
{x[-3],y[-3]}={-3 w 2};
{x[-4],y[-41}={-4 w 3};
{x[-5],y[-5]}={-5 w 2};
{x[-6],y[-6]}={-6 w 2};

pLk_]:= {x[K],y[Kk]};
Tabl e[ p[ k], {k,-(n-1),(n-1)}]

(52 g 3 oman [ as) (57,
27 47 S

(0, 2}, {g, 2}, {5 3}, On 2) {555 8.5}, {3, 7))

epi =Pr epend[ Map[ Poi nt, Tabl e[ p[ k], {k, 0, n}]], Point Si ze[ 0. 03] ]

{Poi nt Si ze(0.03), Point (0, 2}], Point [{Z, 2}], Point [{ZT, 3}],
Poi nt [{x, 2}], Point [{43—”, 3.5}], Point [{53—”, 7}], Point ({27, 2}])

epi 1 = Prepend[Map [Poi nt, Tabl e[{k, y[k]}, {k, 0, n}]], PointSize[0.03]]

{Poi nt Si ze[0. 03], Point [{0, 2}], Point[{1, 2}], Point [{2, 3}],
Point [{3, 2}], Point [{4, 3.5}], Point [{5, 7}], Point [{6, 2}]}

r = Er-1 2 Piln);
c[s_]:= 2/n Sumy[k] r*(s k),{k,-Floor[(n-1)/2],n-1-Floor[(n-1)/2]}];
Tabl e[ c[s],{s,0,10}]//N

{3.25, 0.208333+0.793857 1, -0.625+0.649519 1,
-0. 416667, -0.625-0.649519 1, 0.208333 -0.793857 1, 3. 25,
0. 208333 + 0. 793857 1, -0.625 +0.6495191, -0.416667, -0.625-0.6495191}

a c[s]

{3.25", 0.20833333333333373" +0. 7938566201357355" 1,

-0. 6249999999999993" + 0. 649519052838329" 1,

-0.41666666666666663", -0.6249999999999993" - 0. 649519052838329" i,
0.20833333333333373" - 0. 7938566201357355" 1,

3.25", 0.20833333333333373" +0. 7938566201357355" 1,

-0. 6249999999999993" + 0. 649519052838329" i,

-0.41666666666666663", -0.6249999999999993" - 0. 649519052838329" i}

{3.25, 0.208333+0.793857 1, -0.625+0.649519 i,
-0. 416667, -0.625-0.649519 1, 0.208333 -0.793857 i, 3. 25,
0.208333 +0. 793857 1, -0.625+0.6495191, -0.416667, -0.625-0.649519 1}
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fS[t_]:=Sunmc[k] E*(I k t),{k,-Floor[(n-1)/2],n-1-Floor[(n-1)/2]}];
fo[t]

3.25+ (0.208333-0.793857 1) e '! + (0.208333 +0. 793857 i) ei! -
(0.625 +0.649519 1) e 21t - (0.625-0.649519 1) €2t - 0. 416667 3!t

%/ / ExpandAl |

3.25+ (0.208333-0.793857 i) e'' + (0.208333 +0.793857 i) e'' -
(0.625 +0. 649519 i) e 2*' - (0.625-0.649519 i) e?*' - 0. 416667 e**!

fS1[s_1:=fS[s2Pi /nJ;
fSl[s]

3.25+ (0.208333 - 0.793857 i) e ¥ i7S 4 (0.208333 +0. 793857 i) e & -

2irns

(0.625 +0.649519 1) e Fins (0.625-0.6495191) e~ 3 -0.416667 ¢'”S
%/ / ExpandAl |

3.25+ (0.208333 -0.793857 i) e 3 :7S + (0. 208333 + 0. 793857 i) e 5~ -

2irs

(0. 625 +0.649519 1) e Fins (0.625-0.6495191) e~ 3 -0.416667 ¢'”S

%//N//Sinplify

3.25+ (0.208333-0.793857 i) e 1947215 . (0. 208333 + 0. 793857 1) el 047215 _
(0. 625 + 0. 649519 i) e 2 0944is _ (0. 625 -0. 649519 1) 2094415 _ 0. 416667 3 1415915

fS[t]//ExpToTrig

3.25+ (0.416667 +0. i) Cos[t] - (1.25+0. i) Cos[2t] - 0. 416667 Cos[3t ] -
(1.58771+0. i) Sin[t] - (1.29904 +0. i) Sin[2t] -0.416667 i Sin[31 ]

%/ / ExpandAl |

3.25+ (0.416667 +0. i) Cos[t] - (1.25+0. i) Cos[2t] - 0. 416667 Cos[3t ] -
(1.58771+0. i) Sin[t] - (1.29904+0. i) Sin[2t] -0.416667 i Sin[31 ]

%// N

3.25+ (0.416667 +0. 1) Cos[t] - (1.25+0. 1) Cos[2. t] -0.416667 Cos[3. t] -
(1.58771+0. 1) Sin[t] - (1.29904 +0. 1) Sin[2. t] - (0. +0.416667 1) Sin[3. t]

fS1[s] // ExpToTrig

3.25+ (0.416667 +0. i) 005[”3_5] - (1.25+0. 1) Cos[zgs | -0.416667 Cos[rs] -
(1.58771+0. i) Si n[%} - (1.29904 +0. i) Sin| Z’STS ] -0.416667 i Sin[rs]

%/ / ExpandAl |

3.25+ (0.416667 + 0. i) 005[”3_5] - (1.25+0. 1) Cos[zgs | -0.416667 Cos [rs] -
(1.58771+0. i) Si n[%} - (1.29904 +0. i) Sin| Z’STS ] -0.416667 i Sin[rs]

%// N

3.25+ (0.416667 + 0. i) Cos[1.0472s] - (1.25+0. i) Cos[2.0944s] -
0. 416667 Cos [3. 14159 s] - (1.58771+0. i) Sin[l.0472s] -
(1.29904 + 0. i) Sin[2.0944s] - (0. +0.416667 i) Sin[3.14159s]
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fS1[s] // ExpToTrig // Chop

27s
3

| -0.416667 i Sin[ns]

TS
3
| -1.29904 Sin]

3.25+0.416667 Cos | -] - 1. 25 Cos | | -0.416667 Cos[rs] -

271s
3

TS

1.58771Sin[

{3.25", {0.41666666666666746 , -1.2499999999999987" },
{-0. 41666666666666663" , -1.587713240271471" , -1.299038105676658" },
{-0.41666666666666663" }}

{3. 25, {0.416667, -1.25}, {-0.416667, -1.58771, -1.29904}, {-0.416667}}

Plot[Re[fS[t]],{t,0,2Pi }];
7t

6 f

1 2 3 4 5 6
Plot[In{fS[t]],{t,0,2Pi}];

0.4\

0.2

2 3 4 5 6
-0.2¢
-0. 4!

Man beachte im letzten Plot die Grdsse der Amplitude.
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11

Plot[{Re[fS[t]],Sin[t/2]},{t,0, 2P}, Epilog->epi];

7t

1 2 3 4 5 6
Wie man sieht, liegen die verwendeten Punkte auf der Linie von Sin[t/2]. Der Fehler (z.B. grosser Imaginaranteil
stammt vermutlich davon, dass so nur wenige Koeffizienten berechnet werden kdnnen.)

Plot [{Re[fS1[s]]1}, {s, O, n}, Epilog-epil];
7t

Re[fS1[3.5]]

1.93301

linlnt[t_1:=2+(t -3) (3.5-2);
Plot[linlnt[t], {t, 2, 5}7;

5t
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12

linlnt[3.5]-Re[fS1[3.5]]

0.816987

4
Rermove["d obal ™ %" ];
a Skizze
f[t_]:=Cos[2t /3] +Sin[0.4t -17;
Plot [f [t], {t, O, 100}];
2,
AN L oad N N
\/ 20V 40 [\/ bo|] Vs ‘oo
1t
21
b
(2t /3, 2t /3+2Pi}
2t 2t
{527 5}

{2t /3, 2t /3+2Pi}3/2 // ExpandAl l

{t, 3+t}

{4/10t, 4710t +2Pi}

2t 2t
{_ £

2 7+

5" 5}

{4/10t, 4710t +2Pi }5/2 // ExpandAl |

{t, 5r+t)

T=LCM[5, 3] x

15

? GCD

&CD[nl, n2,

] gives the greatest conmon divisor of the integers ni. Mehr...
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=Sinplify[f[t+15Pi]-f[t]]//Chop

True
T=15Pi;

Cc
cc =0;
w=2P /T
a[0]:=2/TlIntegrate[f [t], {t, cc, cCc+T}];
alk_1:=2/TlIntegrate[f[t] Cos[kwt], {t, cc, cCc+T}];
b[k_1:=2/TlIntegrate[f[t]Sin[kwt], {t, cc, cc+T}];
c[k_1:=1/TlIntegrate[f[t]E" (-l kwt), {t, cc, cc+T}];
fft_1:=a[0]/2+Sumla[n] Cos[nwt] +b[n] Sin[hnwt], {n, 1, Infinity}];
ff[t_, h_ 1:=a[0]/2+Sum[a[n] Cos[nwt] +b[n]Sin[hwt], {n, 1, h}];
ffk[t_1:=Sumc[n]E*" (I nwt), {n, -Infinity, Infinity}];
ffk[t_, h_ J:=Sumc[n]E*({ nwt), {n, -h, h}];
ff[t, 61 // Chop

2t 2t . 2t

-0.841471Cos [ -] + 1. Cos[“5-] +0.540302 Sin[ -]
Abs [f [10] - ff [10, 6]]
1.11022x1071°

d

Pl ot [Eval uate[{f [t], ff[t, 6] // Chop}], {t, O, T}1;

2,

10

™ ‘ /\ /
\J 10 20 VY %o 4

S1k

-2t

Die Genauigkeit der beiden Funktionen f und ff6 ist anhand der Skizze nicht mehr unterscheidbar.
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14

Pl ot [Eval uate[{f [t], ff[t, 6] // Chop}], {t, O, 2T}1;

e

2t

M

[

ff2rt_, h_1:=a[0]*2/2+Sumla[n]*2Cos[nwt] +b[n]*2Sin[hnwt], {n, 1, h}];

Pl ot [Eval uate[{f [t], ff2[t, 6] // Chop}], {t, O, 30Pi }];

2k

-1

Pl ot [Eval uate[{f [t]"2, ff[t, 6] // Chop}], {t, O, 30Pi }];

Eval vate[(f [t]"2- ff[t, 6]) /ff[t, 6] // Chop] /. t »15.

-2.798
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Pl ot [Eval uate[(f [t]1"2- ff [t, 6]) /ff[t, 6] // Chop]l, {t, O, T}1;

1F

A

Der Ausdruck schwanktje nach t. Die maximale absolute relative Differenz ist etwa 3.

'
[

'
N

-3

5 Varianten!

Rermove["d obal ™ %" ];

f[x 1:=Cos[2x] +| Sin[2X]

Fouri er Transformf [x], X, w] // Sinplify
V2 DiracDelta[2 + w]

1/ A2 7 FourierTransformf [x], X, w] //Sinplify

DiracDelta[2 + w]

A2 7 FourierTransformf [x], X, w] //Sinplify

2nDiracDeltal2 + w]

Renove["d obal " %" 1;

fIXx_]1:=Sin[2x]+I| Cos[2x]

Fouri er Transfor mf [x], X, w] // Sinplify
i+/2x DiracDelta[-2 +w]

1/ A2 x FourierTransformf [x], X, w] //Sinplify

iDiracDeltal[-2 + w]
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16

A2 7 Fourier Transformf [x], X, w] //Sinplify

2inxDracbelta[-2 +w]

Cc
Remove["d obal ™ %" ];
fHat [Xx_]:=Cos[2w] +| Sin[2w]
I nver seFouri er Tr ansf or m(f Hat [x], w, x] // Sinplify
V2 DiracDelta[-2 +X]
A2 7 I nverseFouri er Transf or m[f Hat [x], w, x] // Sinplify
2nDiracDelta[-2 +X]
1/'\/271' I nver seFouri er Tr ansf or mf Hat [X], w, x] // Sinplify
DiracDelta[-2 +X]
1/ A/2 7 Fouri erTransform[\/Zn I nver seFouri er Transf or mf Hat [X], w, X], X, w] //
Sinplify
eZiw
e?iv /7 ExpToTrig
Cos[2w] +1Sin[2w]

6 Varianten!

Renove["d obal " %" 1;

a

H[x_]:=UnitStep[x];
Pl ot [H[x], {x, -3, 3}1;

1

0.8¢
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17

f[x 1:=Pi (HIxX+Pi]-H[x-Pi]);
Pl ot [f [x], {X, -5, 5}];

3t

2.5}

1.5¢

0.5¢

-2 2 2 4
Fouri er Transfor mf [x], X, w] // Sinplify

V2 Sininw)
w

1/ A2 7 FourierTransformf [x], X, w] //Sinplify

Sin[rw]
w

A2 7 FourierTransformf [x], X, w] //Sinplify

2xSin[nw]
w



